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17 Solvable models of interacting n-particle systems on
quantum graphs
Jens Bolte and George Garforth
Abstract. We introduce n-particle quantum graphs with singular two-particle
interactions in such a way that eigenfunctions can be given in the form of a
Bethe ansatz. We show that this leads to a secular equation characterising
eigenvalues of the Hamiltonian that is based on a finite-dimensional determi-
nant. These findings generalise previous results about two-particle quantum
graphs.
1. Introduction
A quantum graph is metric graph equipped with a differential operator that typ-
ically is a self-adjoint realisation of the differential Laplacian. Spectral properties of
quantum graphs recently attracted much attention (see, e.g., [EKK+08, BK13a]).
They often mimic corresponding properties of Laplacians on manifolds and have
become widely used models in quantum chaos [KS99b, GS06]. The popularity of
quantum graph models is partly due to the fact that eigenvalues of compact quan-
tum graphs can be characterised in terms of a secular equation involving a finite-
dimensional determinant [KS99b]. This leads to a Gutzwiller-like trace formula
that is an identity rather than an asymptotic relation [KS99b, KN05, BE09].
Moreover, numerical calculations, with the aim of analysing the distribution of
eigenvalues, can be performed very efficiently [KS99b].
More recently, many-particle quantum systems on graphs with singular inter-
actions have been introduced [BK13c, BK13b], primarily with the intention to
study the existence or absence of Bose-Einstein condensation [BK14, BK16]. The
latter mostly requires knowledge about low-lying eigenvalues, which can be gained
without a secular equation. As the classical configuration space of n ≥ 2 particles
on a graph is n-dimensional, one would, in general, not expect to find a secular
equation based on a finite-dimensional determinant, but rather an approximate
scheme involving a truncated determinant as, e.g., developed in [DS92]. However,
it is well known that particular many-particle quantum systems, such as the Lieb-
Liniger gas on an interval or a circle [LL63, Gau71], are solvable by making use of
an n-particle Bethe ansatz for the eigenfunctions [Bet31], which is a finite sum of
plane waves. In such a case only finitely many unknown coefficients need to be cal-
culated in order to determine an eigenfunction. Although intervals and circles can
be viewed as very simple graphs, an important step to generalising the Bethe ansatz
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to quantum graphs was done in [CC07], where the punctured real line, i.e. a graph
with one vertex and two infinite edges, was equipped with a singular two-particle
interaction that was specially designed to make a Bethe ansatz possible. In [BG17]
we extended this construction to two particles on arbitrary compact graphs, with
explicit constructions for equilateral star graphs as well as for tetrahedra. In all
cases the Bethe ansatz led to a secular equation with a finite-dimensional determi-
nant. We numerically calculated eigenvalues and analysed their distribution finding
that, on the scale of the mean level spacing, eigenvalues appear to be uncorrelated.
As such an observation would normally be attributed to an integrable classical limit
[BT77], we see it as a hint of an underlying quantum integrable field theory (as it
is the case for the Lieb-Liniger model).
In what follows we generalise the approach to n-particle graphs. We maintain
the singular two-particle interactions between any pairs of the n particles and show
that the Bethe ansatz can be extended to this situation. We then derive a secular
equation, which is our main result.
2. Preliminaries
2.1. One-particle quantum graphs. We denote by Γ a metric graph with
finite vertex set V and finite edge set E . Each edge ej ∈ E is assigned a (finite)
length lj . The one particle Hilbert space is
(2.1) L2(Γ) =
|E|⊕
j=1
L2(0, lj),
and the Laplacian acting on Ψ = (ψj)
|E|
j=1 ∈ H
2(Γ), with the Sobolev space H2(Γ)
defined in analogy to L2(Γ), is
(2.2) −∆1Ψ =
(
−ψ′′j
)
)
|E|
j=1.
Self-adjoint realisations of the Laplacian can be characterised in terms of boundary
conditions at the vertices [KS99a]. Let
Ψbv =
(
ψ1(0), . . . , ψ|E|(0), ψ1(l1), . . . , ψ|E|(l|E|)
)
,(2.3)
Ψ′bv =
(
ψ′1(0), . . . , ψ
′
|E|(0),−ψ
′
1(l1), . . . ,−ψ
′
|E|(l|E|)
)
,(2.4)
be the vectors of boundary values and let A,B be complex |E| × |E|-matrices,
such that AB∗ is self-adjoint and (A,B) has maximal rank. Then the boundary
conditions
(2.5) AΨbv +BΨ
′
bv = 0
define a domain of a self-adjoint realisation of the Laplacian as a subspace ofH2(Γ).
Further details can be found in, e.g., [KS99a, GS06, BK13a].
The secular equation for Laplace eigenvalues requires two unitary 2|E| × 2|E|
matrices. One is the vertex S-matrix
(2.6) Sv(k) = −(A+ ikB)
−1(A− ikB),
with k ∈ R, and
(2.7) T (k; l) =
(
0 eikl
eikl 0
)
,
SOVABLE n-PARTICLE QUANTUM GRAPHS 3
where
(2.8) eikl = diag(eiklj )
|E|
j=1.
Then, k2 > 0 is an eigenvalue of the Laplacian with boundary conditions (2.5), iff
(2.9) det (I− Sv(k)T (k; l)) = 0,
see [KS99b, KS06].
2.2. Weyl group. Before we proceed it is useful to define the symmetric group
Sn and the Weyl groupWn, which we use to characterise the symmetries of exactly
solvable n-particle systems.
Elements Q of the symmetric group Sn of order n! will be written in terms of
generators T1, . . . , Tn−1 which satisfy the conditions
(1) TiTi = I;
(2) TiTj = TjTi for |i− j| > 1;
(3) TiTi+1Ti = Ti+1TiTi+1.
The n− 1 generators of Sn act on wave numbers (k1, . . . , kn) according to
(2.10) Ti(k1, . . . , kn) ≡ (kTi(1), . . . , kTi(n)) = (k1, . . . , ki−1, ki+1, ki, ki+2, . . . , kn).
Definition 2.1. The Weyl group Wn is defined as a semidirect product of
(Z/2Z)n with the symmetric group Sn,
(2.11) Wn := (Z/2Z)
n ⋊ Sn.
Some useful and well-known properties of the Weyl group are the following:
Proposition 2.2. The Weyl group Wn has order 2
nn! and is generated by the
elements T1, . . . , Tn, R1 that satisfy the conditions
(1) R1R1 = I;
(2) TiTi = I;
(3) TiTj = TjTi for |i − j| > 1;
(4) TiTi+1Ti = Ti+1TiTi+1;
(5) R1T1R1T1 = T1R1T1R1;
(6) R1Ti = TiR1 for i > 1.
The n generators of Wn act on wave numbers (k1, . . . , kn) according to (2.10)
and
(2.12) R1(k1, . . . , kn) = (−k1, k2, . . . , kn).
Finally it will be useful to relate the Weyl groupsWn and Wn−1. To this end, it is
convenient to define elements
Ri = Ti−1 . . . T1R1T1 . . . Ti−1(2.13)
so that
Ri(k1, . . . , kn) = (k1, . . . , ki−1,−ki, ki+1, . . . , kn),(2.14)
and the cyclic permutation
Cn = Tn−1Tn−2 . . . T1(2.15)
so that
Cn(k1, k2, . . . , kn−1, kn) = (kn, k1, . . . , kn−2, kn−1),(2.16)
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where we note the relation
Rn = CnR1C
−1
n .(2.17)
The Weyl group Wn can then be written in terms of Wn−1 according to
Wn =
{
Cdn(Rn)
jX ; X ∈ Wn−1, d = 0, . . . , n− 1, j = 0, 1
}
.(2.18)
To simplify the notation we denote the action of any P ∈ Wn in analogy to (2.10)
as
(2.19) P (k1, . . . , kn) = (kP (1), . . . , kP (n)).
2.3. Bosons in an interval. In order to establish some key concepts in the n-
particle setting, we begin by presenting the model of n δ-interacting bosons confined
to an interval of length l first solved by Gaudin [Gau71]. The problem is formulated
as a search for solutions of the formal Schro¨dinger equation
−∆n + 2α∑
i6=j
δ(xi − xj)

ψ(x1, . . . , xn) = Eψ(x1, . . . , xn)(2.20)
with α ∈ R and particle positions x1, . . . , xn on the half-line R+ = (0,∞). Here
the n-particle Laplacian acts according to
−∆nψ = −
n∑
j=1
∂2ψ
∂xj2
.(2.21)
For a suitable choice of a domain, the Laplacian becomes self-adjoint and pro-
vides a rigorous realisation of the formal operator in (2.20). Imposing bosonic
symmetry
(2.22) ψ(x1, . . . , xn) = ψ(xQ(1), . . . , xQ(n)),
for all Q ∈ Sn, this domain can be shown to consist of the set of n − 1 jump
conditions in the derivatives,(
∂
∂xj+1
−
∂
∂xj
)
ψ|xj+1=x+j
= αψ|xj+1=x+j
,(2.23)
for j ∈ {1, . . . , n− 1}, and the Dirichlet condition
ψ|x1=0 = 0.(2.24)
Due to the bosonic symmetry, ψ can be restricted to the subspace
dI = {(x1, . . . , xn) ∈ R
n
+; x1 < · · · < xn}.(2.25)
By applying a permutation Q ∈ Sn, it is also defined in all subspaces
dQ = {(x1, . . . , xn) ∈ R
n
+; xQ(1) < · · · < xQ(n)},(2.26)
and thus in all of Rn+. In the two-particle setting, interactions between particles
means R2+ is naturally dissected, along the line x1 = x2, into two subspaces d
I and
dT1 . Here, in the n-particle setting, appropriate dissections result in n! subspaces
labeled by elements Q ∈ Sn. Bosonic symmetry establishes equivalence between
each of these subspaces so that we need only consider one.
The task is then to construct explicit Laplace eigenfunctions ψ in dI which
satisfy conditions (2.23) and (2.24). The Bethe ansatz method in this context is
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the assumption that the appropriate ansatz is the sum of possible constituent plane
wave states,
ψ(x1, . . . , xn) =
∑
P∈Wn
AP ei(kP (1)x1+···+kP (n)xn).(2.27)
A function of this form is an eigenfunction of the Laplacian with eigenvalue
E =
n∑
j=1
k2j .(2.28)
The δ-type boundary conditions (2.23) which characterise interactions between par-
ticles, imply the relations
APTi = sp(kP (i) − kP (i+1))A
P ,(2.29)
for i ∈ {1, . . . , n− 1}, with
sp(k) =
k − iα
k + iα
(2.30)
for all P ∈ Wn. The Dirichlet condition (2.24) at the end-point of the half line
implies the relation
APR = −AP(2.31)
for all P ∈ Wn. Exact solvability is then assured if relations (2.29) and (2.31)
are compatible with the properties of Wn as prescribed in Proposition 2.2. This
amounts only to the requirement sp(u)sp(−u) = 1 which is easily verified.
Until this point, particle positions have been defined on the half-line R+. Of
course, in order to restrict the particles to an interval of length l we must impose the
further Dirichlet condition at the point x = l. Since bosonic symmetry allows us to
restrict our attention to the domain dI ⊂ Rn+, the appropriate boundary condition
is given by
ψ(x1, . . . , xn−1, l) = 0(2.32)
which implies the relation
AP =− e−2ikP (n)lAPRn
=− e−2ikP (n)lAPCnR1C
−1
n ,
(2.33)
where, for the latter equality, we have used (2.17). Finally, applying (2.29), (2.31)
and (2.33) successively, we arrive at the condition
e−2ikP (n)l =
n−1∏
i=1
sp(kP (n) + kP (i))sp(kP (n) − kP (i))(2.34)
for all P ∈ Wn. We note here that the form of sp(k) is such that, if (2.34) is
satisfied for some P ∈ Wn then it is necessarily satisfied for elements
PT1, . . . , PTn−2, PR1 and PRn(2.35)
in Wn and thus for every
PX and PRnX(2.36)
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in Wn with X ∈ Wn−1. Using (2.18), we then have that the condition (2.34) need
only be satisfied for elements
P ∈ {I, Cn, C
2
n, . . . , C
n−1
n }.(2.37)
This is equivalent to the n quantisation conditions
e−2ikj l =
∏
i6=j
sp(kj + ki)sp(kj − ki),(2.38)
with j ∈ {1, . . . , n}. Solutions (k1, . . . , kn) 6= (0, . . . , 0), such that 0 ≤ k1 · · · ≤ kn,
then constitute energies (2.28).
3. General graphs with δ˜-interactions
Now we have established how to construct exactly solvable n-particle systems
on an interval, we would like to extend the approach to general graphs. It turns out
that systems of δ-interacting particles on graphs with more than a single edge, in
general, are not compatibile with the Bethe ansatz method. In [BG17], which itself
is based on a construction in [CC07], graphs were equipped with singular, non-
local interactions, referred to as δ˜-type, designed to make a Bethe ansatz possible.
In what follows we extend this approach to n-particle quantum graphs. Defining
an appropriate n-particle Bethe ansatz, we show exact solvability and calculate a
quantisation condition, in the form of a collection of n secular equations, which
provide the exact spectra.
Let us begin by viewing the compact graph Γ in what we call its star represen-
tation Γ(s) by cutting all edges of Γ to produce |V| star graphs and extending all
the edges of the star graphs to infinity. The appropriate n-particle Hilbert space
on Γ(s) is then
H(s)n =
n⊗
i=1

 |E|⊕
j=1
L2(0,∞)

 .(3.1)
We remark that here E is now the union of the edge sets of all infinite star graphs.
Its order is twice the number of edges of the compact graph Γ. Vectors
Ψ =
(
ψ
(s)
j1...jn
)|E|
j1,...,jn=1
(3.2)
in H
(s)
n are then lists of n-particle functions
ψ
(s)
j1...jn
: D
(s)
j1...jn
→ C(3.3)
in L2(D
(s)
j1...jn
) with infinite subdomains defined as
D
(s)
j1...jn
= (0,∞)n.(3.4)
The total configuration space for n particles on Γ(s) is the disjoint union
D
(s)
Γ =
|E|⊔
j1,...,jn=1
D
(s)
j1...jn
(3.5)
of these subdomains. The n-particle Hilbert space can then be written H
(s)
n =
L2(D
(s)
Γ ).
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In the two-particle setting (see [BG17]), interactions take place along the di-
agonals x1 = x2 of two-dimensional configuration spaces D
(s)
mn. In the n-particle
setting, we wish to impose interactions at the boundaries of subdomains
D
(s,Q)
j1...jn
= {(x1, . . . , xn) ∈ D
(s)
j1...jn
; xQ(1) < · · · < xQ(n)},(3.6)
with Q ∈ Sn. The appropriate total dissected configuration space is then
D
(s,∗)
Γ =
|E|⊔
j1,...,jn=1

 ⊔
Q∈Sn
D
(s,Q)
j1...jn

 ,(3.7)
with the total dissected two-particle Hilbert spaceH
(s,∗)
n = L2(D
(s,∗)
Γ ). Thus vectors
Ψ =
((
ψ
(s,Q)
j1...jn
)|E|
j1,...,jn=1
)
Q∈Sn
(3.8)
in H
(s,∗)
n are lists of square-integrable functions ψ
(s,Q)
j1...jn
: D
(s,Q)
j1...jn
→ C. The corre-
sponding Sobolev space H2(D
(s,∗)
Γ ) is the set of Ψ ∈ H
(s,∗)
n consisting of functions
ψ
(s,Q)
j1...jn
∈ H2(D
(s,Q)
j1...jn
).
Boundary conditions will be imposed on eigenfunctions Ψ ∈ H2(D
(s,∗)
Γ ) of the
n-particle Laplacian −∆n. We reiterate here that these will be n-particle ana-
logues of the boundary conditions imposed in the two-particle setting in [BG17].
Before we proceed with establishing these conditions, it is convenient to define the
permutation matrices Q as representations of Q ∈ Sn on
n⊗
j=1
C|E|(3.9)
such that
(1) I = I|E|n is the representation of I;
(2) T(i) = I|E|i−1 ⊗ T|E|2 ⊗ I|E|n−i−1 is the representation of Ti.
Here
(3.10) T|E|2 =


I|E| ⊗m1
...
I|E| ⊗m|E|

 ,
with the |E|-dimensional row vectors
(3.11) mj = (0, . . . , 0, 1, 0 . . . , 0)
in which the 1 is in j-th position. We note the properties
T(i) (Aj1...jn)
|E|
j1,...,jn=1
= (Aj1...jn)
|E|
j1,...,ji−1,ji+1,ji,ji+2,...,jn=1
(3.12)
for |E|n-dimensional column vectors A and that
T(i)(M1 ⊗ · · · ⊗Mi−1 ⊗Mi ⊗Mi+1 ⊗Mi+2 ⊗ · · · ⊗Mn)T
(i)
=M1 ⊗ · · · ⊗Mi−1 ⊗Mi+1 ⊗Mi ⊗Mi+2 ⊗ · · · ⊗Mn
(3.13)
for any |E| × |E| matrices Mj . Finally, it is convenient to note the property
Q
(
M ⊗ I|E|n−1
)
Q−1 = I|E| ⊗ · · · ⊗ I|E| ⊗M ⊗ I|E| ⊗ · · · ⊗ I|E|(3.14)
where on the right hand side, the matrix M is the Q(1)-th position.
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Let us begin by establishing boundary conditions which prescribe single-particle
interactions with the vertices. These will be given as simple n-particle lifts of those
given in (2.5) imposed in the one-particle setting. The values of Ψ ∈ H2(D
(s,∗)
Γ ) at
the vertices, along with corresponding derivatives, are given by boundary vectors
Ψ
(v)
bv =
(
(ψQj1...jn(x1, . . . , xn)|xQ(1)=0)
|E|
j1,...,jn=1
)
Q∈Sn
;
Ψ
(v)
bv
′
=
(
(ψQ
j1...jn,Q(1)
(x1, . . . , xn)|xQ(1)=0)
|E|
j1,...,jn=1
)
Q∈Sn
,
(3.15)
where ψQ
j1...jn,Q(1)
are inward derivatives normal to the lines xQ(1) = 0. Then, using
(3.14), the appropriate boundary condition is given by(
In! ⊗Q
(
A⊗ I|E|n−1
)
Q−1
)
Ψ
(v)
bv +
(
In! ⊗Q
(
B ⊗ I|E|n−1
)
Q−1
)
Ψ
(v)
bv
′
= 0.(3.16)
Here the matrices A,B are of the same form as in (2.5) .
Next, we would like to impose δ˜-type interactions between pairs of particles
located on the same infinite star and impose continuity across dissections otherwise.
Such interactions are prescribed in the n-particle setting according to the conditions
ψQj
Q−1(1)...jQ−1(n)
(x1, . . . , xn)|xQ(i)=xQ(i+1)
=ψQTij
TiQ
−1(1)...jTiQ−1(n)
(x1, . . . , xn)|xQ(i)=xQ(i+1) ;(
∂
∂xQ(i+1)
−
∂
∂xQ(i)
− 2α
)
ψQj
Q−1(1)...jQ−1(n)
(x1, . . . , xn)|xQ(i)=xQ(i+1)
=
(
∂
∂xQ(i+1)
−
∂
∂xQ(i)
)
ψQTij
TiQ
−1(1)...jTiQ−1(n)
(x1, . . . , xn)|xQ(i)=xQ(i+1) ,
(3.17)
if the edges eji and eji+1 belong to the same star graph, and
ψQj
Q−1(1)...jQ−1(n)
(x1, . . . , xn)|xQ(i)=xQ(i+1)
=ψQTij
Q−1(1)...jQ−1(n)
(x1, . . . , xn)|xQ(i)=xQ(i+1) ;(
∂
∂xQ(i+1)
−
∂
∂xQ(i)
)
ψQj
Q−1(1)...jQ−1(n)
(x1, . . . , xn)|xQ(i)=xQ(i+1)
=
(
∂
∂xQ(i+1)
−
∂
∂xQ(i)
)
ψQTij
Q−1(1)...jQ−1(n)
(x1, . . . , xn)|xQ(i)=xQ(i+1) ,
(3.18)
if the edges eji and eji+1 belong to different star graphs.
The task is now to specify eigenvectors Ψ ∈ H2(D
(s,∗)
Γ ) which satisfy boundary
conditions (3.16)-(3.18). Taking care to distinguish between subdomains D
(s,Q)
j1...jn
,
the vector Ψ will be described by the collection of functions
ψQj1...jn =
∑
P∈Wn
A
(P,Q)
j1...jn
ei(kP (1)x1+···+kP (n)xn).(3.19)
This form obviously leads to eigenfunctions of −∆n with Laplace eigenvalues (2.28).
Let us define the |E|n-dimensional vectors
A(P,Q) =
(
A
(P,Q)
j1...jn
)|E|
j1,...,jn=1
(3.20)
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and then the n!|E|n-dimensional vectors
AP =
(
Q−1A(PQ
−1,Q)
)
Q∈Sn
.(3.21)
It is convenient at this point to impose an ordering on (3.21) by associating with
each element Q the number [Q] ∈ (1, . . . , n!) so that
Q−1A(PQ
−1,Q)(3.22)
is the [Q]th block in the list AP .
Boundary conditions at the vertices (3.16) imply the relations
Q−1A(PRQ(1),Q) =
(
Sv(−kPQ(1))⊗ I|E|n−1
)
Q−1A(P,Q).(3.23)
Noting then, that the properties of Wn imply
RQ(1) = QR1Q
−1,(3.24)
we have that
APR1 = In! ⊗ Sv(−kP (1))⊗ I|E|n−1A
P .(3.25)
At this point, it is convenient to define the diagonal matrices
ci = diag(c
(i)
j1...jn
)
|E|
j1,...,jn=1
,(3.26)
where c
(i)
j1...jn
= 1, if the edges eji and eji+1 belong to the same star graph, and
c
(i)
j1...jn
= 0 otherwise. These matrices distinguish domains with δ˜-type interactions
from those which are continuous across dissections. We notice here the relations
ci = I|E|i−1 ⊗ c⊗ I|E|n−i−1 ,(3.27)
where c is defined for two-particle quantum graphs in [BG17]. The δ˜-type condi-
tions (3.17) and continuity conditions (3.18) imply the relations
(I2 ⊗ ci)
(
Q−1A(PTiQ
−1,Q)
T(i)Q−1A(PQ
−1,QTi)
)
=
(
Sp(kP (i) − kP (i+1))⊗ I|E|n
)
(I2 ⊗ ci)
(
Q−1A(PQ
−1,Q)
T(i)Q−1A(PTiQ
−1,QTi)
)(3.28)
and
(I|E|n − ci)Q
−1A(PQ
−1,Q) = (I|E|n − ci)Q
−1A(PQ
−1,QTi)(3.29)
respectively. We then have that
APTi = Yi(kP (i) − kP (i+1))A
P ,(3.30)
where
(Yi(k))[Q][Q′] =
−iα
k + iα
ciδ[Q][Q′] +
(
k
k + iα
ci + T
(i)
(
I|E|n − ci
))
δ[QTi][Q′].(3.31)
Exact solvability is assured if relations (3.25) and (3.30) are compatible with
the properties of Wn. This amounts to the following consistency relations:
(1) Sv(u)Sv(−u) = I|E|;
(2) Yi(u)Yi(−u) = In!|E|n ;
(3) Yi(u)Yj(v) = Yj(v)Yi(u) for |i − j| > 1;
(4) Yi+1(u)Yi(u+ v)Yi+1(v) = Yi(v)Yi+1(u+ v)Yi(u);
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(5)
(
In! ⊗ Sv(u)⊗ I|E|n−1
)
Y1(u+ v)
(
In! ⊗ Sv(v) ⊗ I|E|n−1
)
Y1(v − u)
= Y1(v − u)
(
In! ⊗ Sv(v)⊗ I|E|n−1
)
Y1(u+ v)
(
In! ⊗ Sv(u)⊗ I|E|n−1
)
;
(6) Yi(u)
(
In! ⊗ Sv(v)⊗ I|E|n−1
)
=
(
In! ⊗ Sv(v)⊗ I|E|n−1
)
Yi(u) for i > 1.
These conditions can be verified by the explicit forms of Sv(k) and Yi(k).
In order to turn the eigenfunctions in the star representation into eigenfunctions
on the compact graph, we must impose appropriate joining conditions. These are
the n-particle analogues of the joining conditions established in [BG17] and are
given by
ψQj1...jn(x1, . . . , xn) = ψ
Q
j′1...j
′
n
(x′1, . . . , x
′
n)(3.32)
for all Q ∈ Sn, where
(x′Q(1), . . . , x
′
Q(n)) = (xQ(1), . . . , xQ(n−1), ljQ(n) − xQ(n))(3.33)
and
(j′Q(1), . . . , j
′
Q(n)) = (jQ(1), . . . , jQ(n−1), jQ(n) + |E|).(3.34)
We then have
AP =E(−kP (n))A
PRn
=E(−kP (n))A
PCnR1C
−1
n ,
(3.35)
where
E(k) = In!|E|n−1 ⊗ (
0 1
1 0 )⊗ e
ikl.(3.36)
Applying (3.25), (3.30) and (3.35) successively we have that the relation
Z(kP (1), . . . , kP (n)) = 0,(3.37)
with
Z(k1, . . . , kn) = det
[
In!|E|n − E(kn)Yn−1(kn − kn−1) . . . Y1(kn − k1)(
In! ⊗ Sv(kn)⊗ I|E|n−1
)
Y1(k1 + kn) . . . Yn−1(kn−1 + kn)
]
,
(3.38)
is satisfied for all P ∈ Wn. By using properties of determinants, it can be shown
that the explicit forms of Yi(k), Sv(k) and E(k) are such that if (3.37) is satisfied
for some P ∈ Wn, then it is necessarily satisfied for elements
PT1, . . . , PTn−2, R1 and Rn(3.39)
in Wn and thus for every
PX and PRnX(3.40)
in Wn with X ∈ Wn−1. Using (2.18), we can state the main result of this section.
Theorem 3.1. Non-zero eigenvalues of a self-adjoint n-particle Laplacian −∆n
defined on Γ with local vertex interactions specified through A,B and δ˜-type in-
teractions between particles when they are located on neighbouring edges, are the
values E = k21 + · · · + k
2
n 6= 0 with multiplicity m, where (k1, . . . , kn), such that
0 ≤ k1 ≤ · · · ≤ kn, are solutions to the n secular equations
Z(ki1 , . . . , kin) = 0,(3.41)
for (i1, . . . , in) ∈ {C
d
n(1, . . . , n)}
n−1
d=0 , with multiplicity m.
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4. Recovering specific results
In this final section, by choosing particular parameters, we show how to recover
established results from the general n-particle quantisation condition prescribed by
Theorem 3.1.
4.1. Non-interacting particles. Non-interacting systems are recovered by
reestablishing continuity across all dissected domains. This is achieved by setting
ci = 0 for all i ∈ {1, . . . , n− 1}. Matrices
Yi(k)|c=0(4.1)
are then composed of blocks
(Yi(k)|c=0)[Q][Q′] = T
(i)δ[QTi][Q′].(4.2)
By substituting into (3.38) we recover the secular equation (2.9) for the one-particle
quantum graph.
4.2. Two-particle graphs. Simply by choosing n = 2, one immediately re-
covers the spectra of two-particle quantum graphs as established in [BG17] (see
Theorem 5.1 therein).
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